We present exact analytical solutions for charge transfer reactions between two arbitrarily charged hard dielectric spheres. These solutions, and the corresponding exact ones for sphere-sphere interaction energies, include sums that describe polarization effects to infinite orders in the inverse of the distance between the sphere centers. In addition, we show that these exact solutions may be approximated by much simpler analytical expressions that are useful for many practical applications. This is exemplified through calculations of Langevin type cross sections for forming a compound system of two colliding spheres and through calculations of electron transfer cross sections. We find that it is important to account for dielectric properties and finite sphere sizes in such calculations, which for example may be useful for describing the evolution, growth, and dynamics of nanometer sized dielectric objects such as molecular clusters or dust grains in different environments including astrophysical ones.
I. INTRODUCTION
Accurate descriptions of the electrostatic interaction and charge transfer between particles of finite sizes is key to model a range of fundamental processes in science and engineering. A few examples here are cloud formation in the atmosphere 1 , like charge attraction in colloidal systems 2 , stabilities of doubly charged fullerene clusters 3 , ion-mediated interactions and selforganization in nucleic acids and proteins 4 , dynamics of dusty plasmas 5 , collisional charging of interstellar dust grains 6 , and toner particles in xerography photocopying techniques 7 .
Various expressions for the interaction energy of a point charge and a polarizable neutral particle have been successfully used before to calculate Langevin type reaction rate constants for compound formation in gas-phase ion-neutral collisions in the meV to sub keV energy range (see e.g. Ref 8 and references therein) and for electron transfer reactions involving fullerenes 9 or nanoparticles 10 . These studies [8] [9] [10] go beyond the original pioneering work of For high energies ( 100 eV) the classical Langevin type reaction cross section is equal to the geometrical cross section π(a A +a B ) 2 of the two collision partners (hard sphere collisions) with radii a A and a B . In this high energy regime, charge transfer cross sections are most often significantly larger than the geometrical cross section. The classical over-the-barrier model has been shown to accurately describe such processes in keV ion-atom 15, 16 , ion-fullerene 17, 18 , ion-PAH 19, 20 , fullerene-fullerene 21 , ion-surface 22 and fullerene-surface collisions 23 . In these models [15] [16] [17] [18] [19] [20] [21] [22] [23] , charge transfer takes place when the maximum of the potential energy barrier for the active electron equals the Stark shifted ionization energy of the target. For fullerene and PAH targets, analytical expressions for the potential energy barriers were derived assuming that these objects behave like metal spheres 17, 18 and infinitely thin metal discs 20 , respectively. These are good assumptions for isolated fullerenes and PAHs as they have been shown to display metallic behaviour when perturbed by external charges 20, 24 . However, weakly bound clusters of these species are expected to respond more like bulk material with dielectric constants in the =5-7 range and it may thus be important to take finitevalues into account for more accurate descriptions of charge transfer processes in the general case.
In this work we present exact analytical expressions for the potential energy for an electron in the presence of two spheres with arbitrary charges, radii, and dielectric constants.
These expressions may then be used to calculate absolute charge-exchange cross sections.
It has previously been shown that the mutual polarization of two charged dielectric spheres in vacuum can be calculated using the image charge technique 25 , from the surface charge densities 26 , or with the aid of the so-called re-expansion method 27 . In Sec. II, we use the latter method 27 and derive the exact analytical expression also for the potential energy of a point charge outside two dielectric spheres. Further, we present approximate analytical expressions for the interaction energy of the two spheres and for the potential energy barrier for a point charge moving between the spheres, and demonstrate that these agree well with the corresponding exact analytical solutions. In Sec. III we use these approximate expressions to calculate Langevin type compound formation (growth) cross sections and electron transfer cross sections between nanometer-sized spherical objects.
II. MODELS FOR INTERACTION AND CHARGE TRANSFER BETWEEN TWO DIELECTRIC SPHERES
Here, we describe the electrostatic interaction between two charged dielectric spheres 27 and present the exact analytical solution for the interaction energy of a point charge in the presence of two dielectric spheres. We compare these solutions with much simpler approximate analytical expressions, which relate to an approximate expression for the electrostatic interaction between a point charge and a dielectric sphere (as shown in appendix A).
A. Two charged dielectric spheres
We consider two dielectric spheres which are separated by the center-center distance R, and have charges q B and q A , relative dielectric constants B and A , and radii a B and a A , respectively (see Fig. 1 ). In the following, we use frequency independent B -and A -values to emphasize differences in reactivities between objects with different dielectric properties in the static limit. However, it is straightforward to introduce frequency dependencies by replacing B and A by B (ω) and A (ω) in the final expressions for the interaction energies and for charge transfer. Dynamic effects are indeed important for e.g. collisions between keV highly charged ions and insulator or semiconductor surfaces 28, 29 , where the typical interaction time scales are on the order of 10 −14 s. This is comparable to time scales in some of the problems that could be treated using the present formulas.
1. The electrostatic potential outside two dielectric spheres.
The electrostatic potential at an arbitrary position P (see Fig. 1 ) outside the two dielectric spheres is
where r B and r A are the distances from the centers of sphere B and sphere A to the point P, θ B and θ A are the angles from the axis connecting the sphere centers (z-axis), and P l is the l 2. The interaction energy and force between two dielectric spheres.
The total electrostatic energy of the system consisting of two dielectric spheres is
where Φ B out (a B , θ) and Φ A out (a A , θ) are the surface potentials and σ B and σ A are the surface charge densities on sphere B and sphere A, respectively, when they are at infinite separation, R, from each other. The latter, so-called free surface charge densities 30 , are given by
where the sum of the first two terms corresponds to the self energies of the two spheres, i.e. the total energy of the system at infinite separation. The third term is the pure Coulomb energy and the infinite sum gives the shift in energy due to the mutual polarization which we denote U B pol (R)+U A pol (R). The interaction energy for the two spheres is then Using the approximate expression for a point charge and a dielectric sphere (Eq. A4) we arrive at an approximate expression for the interaction energy (Eq. (4)) between the two spheres,
This expression immediately indicates that the interaction energy is more sensitive to the charges and sizes of the collision partners than to the dielectric constants. However, for a given collision system (fixed charges and sizes) the dielectric constants may have large influences on the interaction energy, especially for -values smaller than ∼10.
This is illustrated in Fig. 2 where we show comparisons between the approximate expression (Eq. 5) and the exact analytical solution (Eq. 4 ) for the interaction energy U int (R).
The left and right panels show results for two charged dielectric spheres (q A = 5 and q B = 1) with equal radii of 1 nm (a A = a B = 18.9 a 0 ) and when one sphere radius is a factor of ten smaller than the other one (a A =1.89 a 0 and a B = 18.9 a 0 ), respectively. The approximate expression yields results in close agreement with the exact analytical solution and may thus be used for practical applications with good performance at low computational costs.
This has recently been demonstrated in studies of the stabilities of doubly charged fullerene clusters 3 , where Eq. 5 was successfully used to model the pair-wise interactions between neighboring fullerenes in the clusters. The approximate expression (Eq. 5) may also be used to calculate e.g. kinetic energy releases of Coulomb exploding clusters 31 , the force between two charged spherical objects such as e.g. poly-methyl methacrylate (PMMA) spheres 32, 33 , and Langevin reaction rates.
B. Two charged dielectric spheres and a point charge
1. The potential energy barrier for charge transfer.
When a point charge q p is located at the position P in Fig. 1 , it polarizes both (dielectric)
spheres. The exact expression for the electrostatic potential at the position of the point charge is then given by
where the coefficients c The insets shows the energy differences between the exact and the approximate solution. Note the meV scales in the insets.
z-axis in Fig. 1 ). This is due to the azimuthal symmetry of the problem. The electrostatic potential for q P along the z-axis can be approximated by
Eq. (7) may thus be used for calculating the potential energy barrier for an electron moving between the two spheres.
In Fig 3 we show comparisons between the approximate (Eq. (7)) and exact analytical expressions (Eq. (6 )) for an electron (q p =-1) located between two charged dielectric spheres the maximum of the potential energy barrier (see the insets in Fig. 3 where deviations between the exact and approximate solutions are shown in meV). This is further illustrated in Fig 4, where we show the maximum of the potential energy barriers as functions of the center-center distance for a range of dielectric constants (the same for both spheres).
Stark-shifted electron binding energies
Adopting the classical over-the-barrier concept, an electron is classically allowed to transfer from the target sphere to the projectile sphere at distances R (see Fig. 1 ) where the maximum of the potential energy barrier (V =q p Φ out =−Φ out ) for the active electron is lower than its Stark shifted binding energy
to the target. Here Φ Stark refers to the Stark shift at the critical distance, R=R 1 , where electron transfer first becomes classically allowed. I 1 is the binding energy of the electron to the sphere with charge q B =1 in the absence of the sphere charge q A (i.e. with q A at R=∞).
The Stark-shifted binding energy of the nth electron to the sphere of charge q B =n+1 at the critical distance R=R n+1 for the transfer of the (n+1)st electron from the sphere is
where the point charge now is reduced to q A -n. That is we follow Bárány et al 15 and
Hvelplund et al 34 and assume sequential electron transfer and that previously transferred electrons fully screen the charge q A .
The Stark shift term Φ Stark for removing an electron from a conducting sphere is simply q A /R (the surface potential). For charge transfer between two dielectric spheres, Eq.
(1) gives the exact surface potential q P Φ out (r B =a B , θ B )=-Φ out (r B =a B , θ B ) for an infinite number of terms in the Legendre expansion. Alternatively, one can use the approximate
which gives the correct asymptotic limit when B → ∞, Φ B out (r B =a B , θ B ) = q A /R. We find that the approximate expression for the surface potential (Eq. 10) does not deviate significantly from the exact analytical expression for finite values of the dielectric constants and the radius of the sphere (a B ). The surface potential typically displays a rather weak dependence of θ B close to the point where the z-axis (connecting the sphere centers) crosses the sphere surface. Here, we thus assume that the Stark shift is given by the potential experienced by an active electron at the position on the surface closest to the projectile (r B =a B , θ B =0)
We thus follow a similar approach as has been used for ion-surface collisions 28 where the shifted target levels are Φ Stark (a B → ∞)=2q A /(D( B +1)) for an ion-surface distance D.
III. MODEL RESULTS
A. Reaction cross sections in collisions between two charged spherical objects.
In Fig The examples in Fig. 5 show that the radii and charges have large influence on the reaction cross sections (see the different y-scales). The dielectric constant only plays a relatively small role in these sphere-size and charge-state regimes, but becomes important for higher charge states.
B. Absolute electron transfer cross sections in collisions between two charged spherical objects.
In Fig. 6 we show the absolute electron transfer cross sections for collisions between a charged dielectric sphere (q A ) and a neutral dielectric sphere (q B =1 and q P =-1). The ionization energy is set to I= 5 eV in this example. The four panels show the cross sections is therefore close to the geometrical one π(a A +a B ) 2 and only weakly dependent on the dielectric constant. The same is true when the projectile radius is ten times larger (see the lower left panel of Fig. 6 ). Note, however, that it is important to take the finite sizes of the collision partners into account as the present model values are significantly higher than those predicted by the classical over-the-barrier model for two point charges (indicated by a A =a B =0 in Fig. 6 ).
In the upper right panel of Fig. 6 , we show results for a small ten times charged projectile (q A =10, a A =0.1 nm). Here, electron capture takes place far away from the sphere surface and thus the model cross sections are significantly larger than the geometrical cross section.
Here, the polarization effects are much stronger than for singly charged projectiles (see the left panels of Fig. 6) ) and the cross section is therefore more sensitive to the dielectric constant. Note that the cross sections are significantly larger than the ones for two point charges (indicated by open blue circles) when the target sphere radius is large. Similar trends are seen when the projectile radius is increased by a factor of ten (see the lower right panel of Fig. 6 ). The results in Fig. 6 clearly illustrate the importance of considering the finite sizes and the dielectric constants in interactions between two (spherical) objects.
IV. SUMMARY AND CONCLUSIONS
In summary, we have derived an exact analytical solution for the potential energy experienced by a point charge moving between two charged dielectric spheres of arbitrary radii, charges, and dielectric constants. We have shown that this solution and the one describing the interaction energy for two charged dielectric spheres 27 may be well-approximated by simple analytical expressions which may be evaluated at very low computational costs. The latter expressions may thus be efficiently used for calculations of Langevin type rates for compound formation and electron transfer rates in collisions between two (charged) spherical objects, where the polarization (finite sizes) of both collision partners are taken into account.
Such rates have been reported for e.g. point-charge ions interacting with dust grains 6,35 and fullerenes 36 . The expressions given in the present work may thus be used to gauge the significance of interactions between two finite size objects (e.g. molecules, clusters, and dust grains) in, for example, astrophysical environments. Appendix A: Interaction energy and force between one point charge and one dielectric sphere
Here, we consider a dielectric sphere with charge q B relative dielectric constant B and radius a B in vacuum. A point charge q A is located at the positionR (Fig. 7) . The force on this point charge is given by the text book formula
where U int is the sphere point-charge interaction energy,
This energy is equal to the work required to move q A from the distance R=|R| to infinite separation 24 . Note that the induced charge distribution on the sphere changes with R as the point charge is moved to infinity (U int = ∞ R F (R)dr), which gives the factor 1/2 in front of the infinite sum (see e.g. Ref.
24 for details). When we let B → ∞, Eq. (A2) reduces to the interaction energy for a point charge and a conducting sphere
Draine and Sutin 6 showed that the exact expression for the interaction energy for a point charge and a dielectric sphere (Eq. (A2) ) may be approximated by multiplying the second term in the Eq. (A3) with the factor ( B − 1)/( B + 2), which gives
.
In Fig. 8 we show comparisons between the exact (Eq. A2) and the approximate expression (Eq. A4) for an example with a point charge q A =5 interacting with a neutral dielectric sphere q B =0 of radius a B = 18.9 a 0 (1 nm). The exact and approximate results are in good agreement, especially at large separations R which are important when calculating e.g. Langevin reaction rates. The approximate expression in Eq. A4 may thus be efficiently used to calculate such rates in collisions between a point charge and a polarizable spherical object with dielectric constant B 6 .
Appendix B: The Legendre polynomial coefficients for the interaction between two charged dielectric spheres
According to the re-expansion method 27 , the electrostatic potential outside two charged dielectric spheres (Eq. (1)) may be expressed in coordinate systems B and A (see Fig. 4 for the definitions of r A , r B , a A , a B , θ A , θ B , and R) as
or as
Here, the coefficients d 
Note that these relations are independent of the boundary conditions. It is also important to remember that Eq. (1) should be used to calculate the potential outside the spheres (not Eqs. (B1) and (B2)) for convergence reasons 27 .
In order to determine the potential inside the spheres, the boundary conditions have to be taken into account. The surface charge densities (σ B and σ A ) are uniform when the separation between spheres A and B is infinite (R = ∞),
, which thus correspond to the free surface charge densities 30 . Since there are no such free charges inside the spheres, the potential is given by
and
On the surface of the spheres (r B = a B and r A = a A ), the normal and tangential boundary conditions for the D-and the E -fields have to be fullfilled,
This gives the following relations between the coefficients,
in sphere B and A, respectively. If we now combine the results in Eqs. (B3), (B4), (B7), and (B8), we arrive at 
while the matrix elements (h which includes the particle-particle interaction energy U int (R), and a centrifugal term where E is the initial kinetic energy available in the center of mass system, b is the impact parameter, and R is the distance between the particles. The second term may give rise to a centrifugal barrier, which means that the kinetic energy needs to be larger than the barrier height (E ≥ U ef f (R = R b )) for a reaction to occur. The position (R b ) of the maximum barrier height may be found by solving
and substituting this results into Eq. D1
The corresponding impact parameter is then
and the reaction cross section
Eq. D2 has to be solved numerically for the interaction between two charged dielectric spheres, but it is possible to solve in the special case of a point charge interacting with a neutral sphere (q B =0). The approximate expression (Eq. A4) for the interaction energy is then
which gives
and the reaction cross section (Eq. D5)
For high energies σ Reac = πa 2 B (hard sphere collision) and for low energies σ Reac ∝ E −1/2 , which means that the rate (σ Reac v) is constant in the latter case.
